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Abstract 


Biquadratic,  biquartic,  bisextic,  in  general  terms  bi-order-n  positive  real 
immittance  functions  can  be  realized  as  driving-point  immittances  of  a  Tee  or  a  Pi 
section  that  is  terminated  with  a  resistance,  provided  that  the  function  belongs  to  a 
certain  subclass  of  positive  real  and  bi-order-n  functions.  This  general  principle 
is  discussed  particularly  for  biquadratic  and  biquartic  functions.  It  is  shown  that 
the  Tee  and  the  Pi  circuits  implying  a  negative  immittance  of  the  rank  2m+l  can 
be  transformed  into  another  circuit  that  instead  of  the  negative  immittance  implies 
a  resistance  as  the  only  negative  branch  element. 


iii 
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Single  Tee  and  Pi  Two-Ports,  Resislively  Terminated 
and  Having  a  Prescribed  Driving-Point  Immittance 


Consider  the  circuits  shown  in  Figures  1  and  2.  They  are  dual  circuits  when 
U,  V,  W.  X,  and  Z  in  Figure  1  are  branch  impedances  an  j  in  Figure  2,  branch 
admittances.  They  have  the  driving-point  immittance  function 


F<s)  =  U  +  — j~ 


V+  X  V+  Z 


jv  +  uw  ±  vw)  ±  (u  +  w)x  +  (u  +  viz  +  xz 
V  +  W  +  X  +  z 


Both  circuits  in  Figures  1  and  2  are  resistively 
terminated  and  owing  to  their  duality,  it  will  suf¬ 
fice  to  restrict  our  discussion  to  the  circuit  in 
Figure  1.  All  results  to  be  obtained  ■will  hold 
respectively  for  the  circuit  in  Figure  2. 

Let  the  branch  impedances  of  the  circuit 
in  Figure  1  be 

Figure  1.  Circuit  With  the 
Impedance  Function  Z(s)  =  F(s) 

(Received  for  publication  24  May  1967) 


fiW«F«||u 


U  *  Ul»(s)  » 
V  *  v*(s)  , 

W  *  w?(s)  . 
X  *  x0(s)  , 


Figure  2.  Circuit  With  Ad¬ 
mittance  Function  f(s)  =  F(s) 


In  Eqs.  (2a,  b,  c)  let  u  and  v  be  positive  constants  and  let  w  be  such  that 

l/u  +  l/v  +  1/w  *  0  and  therefore  also  UV  +  UW  +  VW  =  0  (5) 

Then  with  n  >  i  and  positive 

u-v(n-l),  (6a 

w*  -  v(n  -  l)/n  ,  _  (6b 

Eq.  (S)  holds.  Let  x  in  Eq.  (3)  and  z  in  Eq.  (4)  be  also  positive  constants.  Let 
f(s)  in  Eqs.  (2a,  b,  ci  be  a  normalized  positive  real  (pr)  function  of  the  land 


%  sm  +  a  1  +. . .  +  a.s  +  a- 

*(s>  *  *  tS  *  s  -s — —  , - 1 — - 

bis,  s  +b_  ,s  1+.-- +  b,s  +  bn 

ro**  i  u 


Let  0(s)  in  Eq.  (3)  be  also  a  normalized  pr  function  of  the  kind 


sm  +  B 


'+  ...  +  /?lS+  PQ 


3  (sm  +  am-isTR'1  *  *  +  « +  °0) 


The  functions  ff(s)  and  0(s>  are  bi -order -m  functions;  m  is  an  even  or  odd  in¬ 
teger.  Substituting  Eqs.  (2), _ _  (8)  in  Eq.  (1),  we  obtain 


mi 


Inversely 


t  /N 


*1  f  c’o 


n  -  1  = 


■  S*  1  D'  j 

*}>  • 
w  0 


Since  we  assume  that  n  >  1  ,  D'g  >  N'fl  .  Necessarily 

Vi>YDv(Vn  -Vn)2  05) 

It  is  well  known  that  a  biquadratic  function 

s2  +  N.s  +  N_ 

F  (s)  «  - - - -  (16) 

s  +  DjS  +  Dfl 

is  pr  if 

nidi=  (w  <Kf  •  <n> 

Incidentally,  Eq.  (15)  represents  the  lower  bound  of  Eq.  (17).  A  biquadratic  imped¬ 
ance  function  F'  (s)  can  be  decomposed  according  to  Figure  1  if  Eq.  (15)  holds. 

The  circuit  in  this  event  is  the  well-known  Erune  circuit  where  u?(s) ,  v<?(s)  ,  and 
w$?(s)  are  inductive  impedances  and  x$(s)  is  a  capacitive  impedance. 

Next  let  us  consider  a  less  trivial  example:  Let  m  -  1  .  Then  (for  the  sake 
of  brevity  omitting  the  subindex  •  0B) 

«?(s)  =  s  ^  with  a  >  b  and  both  positive  ,  (18) 

0(s)  =  s®s"^0j  with  a  >  ?  and  both  positive  .  (19) 
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T>1  *  D’jba  +  0*0^  +  &  • 

D0-D*0b^  . 

As  a  numerical  example  let 


(22c) 

(22d) 


Rg  *  3.  75 
R2  «  3. 949286 
Nj  «  1.  271429  , 

R0  *  0. 137143 


Dg  =  1.728571 
D2  =  3. 634285 
Dj  =  2.32 
B0  =  0. 42 


The  numerical  values  of  the  coefficients  R^  and  (0  =  i  =  3)  are  such  that  P(s) 
can  be  decomposed  in  the  attempted  way;  we  shall  use  this  example  to  show  the  de- 
composition  in  a  more  concise  way  than  the  algebraic  formulation.  Our  particular 
problem  is  to  determine  N' j  ,  ,  D'j  ,  D'0  ,  a,  b,  a  ,  and  0  by  Eqs.  (21a, 

. . . ,  d)  and  Eqs.  (22a,  Although  more  cumbersome,  a  bisextic  function 

resulting  from  m  =  2  and  so  forth  can  be  decomposed  by  way  of  a  similar  proce¬ 
dure. 

The  circuit  in  Figure  1  has  two  extraordinary  driving  conditions.  Whenever 
the  shunt  impedance  V  +  X  is  zero,  we  measure  at  the  input  the  driving  impedance 
F(s)  *  u?(s)  .  This  is  also  true  whenever  the  impedance  W+Z  is  zero.  Let  s j 
denote  the  set  of  solutions  of  the  equation 


v  |*(s)  +  £0(s)|  *  0  ,  (23) 

and  let  s2  denote  the  set  of  solutions  of  the  equation 

W[*(s)+w)=0  ‘  (24) 

In  our  particular  example  Eq.  (23)  becomes 

s2(s+  a)  (s+  or)+-^(s  +  b)  (s  +  0)  =  0  ,  (25) 

which  is  of  the  order  four,  and  Eq.  (24)  becomes 


8(s  +  a)  +  (s  +  b)  =  0  , 


(26) 
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which  is  quadratic.  Note  that  since  w  is  a  negative  constant,  Eq.  (26)  has  both  a 
positive  solution  s  =  s21  and  a  negative  solution  s  -  -  s.;2  . 

With  the  set  of  zeros  s„ 


F(s2)  =  u<p(b2)  -  v(n  -  l)<p(s2) 


Note  that  by  the  definition  of  w  in  Eq.  (2c)  and  by  Eq.  (24) 


<p( s2)  =  z/w  =  zn/v(n  -  1) 


and  by 


F  (O'  3  Fq  /Dq  *  1/ir 


F  («)  =  1  =  zn 


the  constants  z  and  n  are  known.  Hence  Eq.  (27)  becomes 


A(s)  *  s^  +  A^s3  +  A2s2  +  A jS  +  AQ  =  0  , 


where 


.  Ri  V^o  ~pi 

-V»o 


(0  =  i  =  3Y 


The  coefficients  A.  of  Eq.  (31)  are  thus  known  and  the  equation  can  be  solved.  It 
is  of  the  order  four,  with  four  solutions,  two  of  which  are  the  solutions  s21  and 
-s22  of  Eq.  (24).  Therefore  Eq.  (31)  is  redundant.  Generally  it  offers  twice  the 
number  of  solutions  as  Eq.  (24).  It  can  be  shown  (Haase,  1963)  that  if  F(s)  is  bi- 
quartic,  Eq.  (31)  has  real  roots  throughout.  One  root  is  positivei  the  others  are 
negative.  Only  the  positive  root  s  =  s21  can  be  identified  as  belonging  to  set  s2  . 
One  of  the  negative  roots  is  s  *  -  s22  and  the  redundant  roots  are  s  *  s^  and 
s  *  8r2  .  Let  us  now  define 

p2  =  "  ^s21  "  ®22^  *  ^32t 


q2  =  s21s22  * 
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(35a) 
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and  by  Eq.  (15) 


V^T 5',  .  (Vd r  .  ^rf; 


also  D'q  and  N'p  can  be  determined  for  each  choice.  It  can  also  be  shown  that 


a  =  p2+  VN’o  DV  R’l  » 


b  "  q<>  . 


o  =  Pr  -  ^/D'0  N'j  /  D' 1  ,  (3?a) 

P  =  qr  VVV;  .  (37b) 

Only  the  correct  choice  yields  all  coefficients  N'.  and  D'.  positive  and  positive 
constants  a  >  b  and  a  >  p  .  In  our  numerical  example,  choice  (3)  is  the  correct 
one  according  to  this  discrimination:  it  yields 

N'j  =  2.25  ,  N'0  =  0.914286  ,  O'  j  =  0.228571  ,  D'p  =  2.8  ,  a  =  0.8  ,  b  =  0.  5  , 
a  =  0.  7  ,  p  =  0.  3  . 

The  last  condition  that  we  can  derive  from  Eqs.  (22)  and  (23)  is  that  with  the  correct 
choice 


*  ^3*c3  +  ^2  “  ^2^c2  +  ~  ^l^cl  +  ^®0  “  *VC0  "  0  * 


C3  =  p2qr+Prq2  ' 


c2  ^2  +  qr^  ’ 


C1  =  "  (p2  *  pr}  ' 


[  Prcl  *  c2  „  P2C1  ~  c2  1 
"  1  ^  ~  ^ 


■°  »  qr 


Our  numerical  example  shows  that  Eq.  (38)  is  true. 
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If  F(s)  *  F'  is)  is  biquadratic,  the  function  can  be  decomposed  in  the  attempted 
way  if  Eq.  (15)  holds.  Unfortunately,  we  do  not  have  such  a  simple  test  for  the  bi- 
quartic  function  or  a  function  of  a  higher  bi -order -n.  As  we  have  shown,  we  are  able 
to  make  the  correct  choice,  but  this  alone  does  not  ensure  that  the  function  can  be 
decomposed  as  attempted.  W*  show  this  in  the  following  numerical  example.  Assume 
a  biquartic  impedance  function  F(s)  -  N(s)  /D(s)  where 

N3  *  3. 413095  ,  D3  =  1. 723571  , 

N2  *  3. 896786  ,  °2  =  3-  634285  , 

Nj  *■  1.446191  ,  D1  =  2.32  , 

N0  *  0. 184286  ,  Dq  *  0. 42  . 

Then  n2  *  1. 5096582  .  For  this  example 

A(s)  *  (s  -  0. 237544)  (s  +  5.  973491)  (s  +  0.  278596)  (s  +  0.  703759) 

and  the  correct  choice  turns  out  to  be 

p2  =  0.466215  ,  pr  =  6. 252087  . 

q2  =  0. 167174  ,  ^  =  1. 664191  . 

But  instead  of  yielding  0  ,  we  obtain  by  Eq.  (38)  +  0. 029445.  This  shows  that  F(s) 
in  this  example  cannot  be  decomposed  as  desired.  For  this  reason  let  us  subtract 
a  positive  constant  from  F(s)  .  By  choosing  N^j  =  0. 2  ,  we  find  that  the 

function  F(s)  *  |f(s)  -  Nml]/(1  -  NmJ)  is  normalized  and  still  pr  .  It  has  the 
following  coefficients 

N3  *  3. 834226  ,  D3  *  1. 728571  , 

S2  *  3.962411  ,  D2  =  3. 634285  , 

Nj  *  1.  227733  .  Dj  =  2. 32 

N0  *  0. 125358  ,  D0  =  0. 42  . 

2 

Then  n  >  1.830411  .  Solving  Eq.  (31)  and  making  the  correct  choice,  we  obtain 

p2  *  0. 503889  ,  pr  =  5. 666015  , 

q2  =  0. 148057  ,  qf  =  1. 549788  . 
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Equation  (38)  yields  -  0. 011711  instead  of  0  .  But  since  the  result  obtained  for 
F(s)  was  positive,  we  know  now  that  we  are  able  to  find  a  constant  <  0. 2  that 
yields  exactly  0  by  Eq.  (38).  In  fact,  if  we  choose  «  1/6  ,  then  F(s)  has  the 
coefficients  of  the  first  numerical  example. 

We  have  shown  that  we  have  been  able  to  prepare  the  function  F(s)  for  decom¬ 
position  by  subtracting  a  constant.  However,  this  is  not  the  only  possibility.  Assume 

4  3 

for  instance  that  the  denominator  of  a  function  F(s)  is  D(s)  =  s  +  D^s  +  •  •  •  + 

Dq  *  (s2  +  djjS  +  djp)  (s2  +  dgjS  +  dgg)  and  d^  j2  <  4djg  ,  d,,j2<  ^20  *  *n 
event  we  can  subtract  either  immittance 


nns  +  nlp 
s  +dns  +  d10 


or 


“21s 


+  n, 


20 


s  +d21s  +  d20 


and  by  the  subtraction,  the  difference  function  is  still  a  bi -order-4  function  and  with 
a  fairly  wide  choice  of  the  constants  ,  n21  ,  ni0  ,  n 2Q  the  difference  function 
can  be  retained  to  be  pr  .  However,  decomposition  may  not  be  possible  by  sub¬ 
tracting  only  a  constant. 

The  realization  o'  the  circuit  in  Figure  1  requires  a  negative  impedance  con¬ 
verter,  since  W  is  a  negative  impedance.  Such  a  converter,  however,  may  bring 
up  technical  difficulties  since  the  rank  of  W  is  2m  +  1  according  to  Eq.  (2c)  and 
Eq.  (7).  But  we  have  shown  (Haase,  1966)  that  the  circuit  in  Figure  1  is  equivalent 
in  its  driving-point  impedance  with  the  circuit  in  Figure  4.  This  circuit  is  termina¬ 
ted  by  the  positive  impedance  z' <p(s)  ,  part  of  its  shunt  branch  is  the  positive  im¬ 
pedance  x1  <£(s)  ,  and  it  implies  a  resistance  star  composed  of  the  resistances  R’u  , 
R’v ,  and  R'w  where 


l/fi'u+l/R'v+l/R'w=0 


(39) 


and 


R'u  =  R,V(H’  -  1}  * 


R,W  -  -  R'VW  -  »/n*  - 


(40a) 

(40b) 


According  to  transformation  formulas  given  by  Haase  (1966) 


x(n  -  l)2  , 

(41) 

v(n  -  l)2/n  , 

(42) 
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n'  *  n/(n  -  1) 


(43) 


R’v  -  1/n*  . 


(44) 


Ri  Rl 


Figure  4.  Transformed 
Circuit  of  Figure  1 


r; 


Figure  5.  Circuit  as  in 
Figure  4  With  Resistance 
R'  Grounded 


Instead  of  a  negative  impedance  of  the  rank  2m  4-  1  the  circuit  in  Figure  4  contains 
a  negative  resistance  as  the  only  negative  element-  This  resistance  can  be  realized 
by  a  tunnel  diode  for  instance.  Since  the  elements  in  the  circuit  can  be  rearranged, 
it  is  possible  to  put  the  tunnel  diode  in  the  base  branch  where  it  can  be  grounded  as 
shown  in  Figure  5. 


13 


References 

Haase,  K.  H,  (1966)  Brune's  Realization  Procedure  in  a  New  and  Generalized 
Aspect,  IEEE  International  Convention  Record  14(Part  7):209-217. 

Haase,  K.  H.  The  Synthesis  and  Decomposition  of  a  Class  of  Positive  Real  Bi -Order 
n  Functions,  AFCRL  Physical  Sciences  Research  Paper  (to  be  published). 

Haase,  K-  H.  (1963)  New  Methods  of  Solving  Algebraic  Equations.  AFCRL-63-56Q. 


Unclassified 

Security  QuiifltuiM 

oocutarr  control  data  -  mo 

(Security  clatiificatiaa  of  title,  koJy  of  abstract  and  indexing  anno I  at  inn  aul  it  ttttitC  kit*  lit  ttmfl  report  tj  classified 
x  o*tc*t«*Two  activity  (Caepceanc  mn hot)  ta.  won  security  awricnioii 

Air  Force  Cambridge  Research  Laboratories  (CRB)  Unclassified 

L.  G.  Hans  com  Field  -tS-croSm - 

Bedford,  Massachusetts  01730 

X  Dtron  TITLt 

SINGLE  TEE  AND  PI  TWO-PORTS,  RESIST IVELY  TERMINATED  AND  HAVING 
A  PRESCRIBED  DRIVING-POINT  IMMITTANCE 

4.  MSCRIPTIVI  NOTTS  (Type  of  report  and  ancUs.te  Jot*:) 

j  Scientific _ Interim. _ 

Hl  AuTMORlil  (FirU  mmne,  mUMe  initial,  Uu  anaej 

I  Kurt  H.  Haase 


i  nrron  om 

July  1967 _ 

•a.  CONTRACT  OR  CHANT  MO. 

A  NROJCCT.  TAM.  MORN  UNIT  NO*.  5628-06-01 


C.  BOO  CLEMENT 


d.  DOC  SUN  CLCMCNT 


».  OOTRINUTTOH  STATEMENT 


61 -54501 F 
681395 


7A.  TOTAL  NO.  OF  PACES  T A  MO.  OF  RTFS 

18  3 

lA  ORlCtNATOR-T  REPORT  NUNNIRT57 

AFCRL-67-0430 


ii  OT»IR  REPORT  ssofS)  (Any  oOrf  metiers  dan 
•UMViM  rtmert) 

PSRPNo-  333 


Distribution  of  this  report  is  unlimited.  It  may  be  released  to  the  Clearinghouse, 
Department  of  Commerce,  for  sale  to  the  general  public. 


It.  SUrMLOCNT ARY  MOTES 


TECH.  OTHER 


IX  ABSTRACT 


IX  SPONSORING  MILITARY  ACTIVITY 


Air  Force  Cambridge  Research 
Laboratories  (CRB) 

L.  G.  Hanscom  Field 
Bedford,  Massachusetts  01730 


7  Biquadratic,  biquartic,  bisexiic,  in  general  terms  bi-order-n  positive  real 
immittance  functions  can  be  realized  as  driving-point  immittances  of  a  Tee  or  a 
Pi  section  that  is  terminated  with  a  resistance,  provided  that  the  function  belongs 
to  a  certain  subclass  of  positive  real  and  bi-order-n  functions.  This  general 
principle  is  discussed  particularly  for  biquadratic  and  biquartic  functions.  It  is 
shown  that  the  Tee  and  the  Pi  circuits  implying  a  negative  iir*  'ittance  of  the  rank 
2m+l  can  be  transformed  into  another  circuit  that  instead  o.  ;  negative  im¬ 
mittance  implies  a  resistance  as  the  only  negative  branch  element. 


Unclassified 

Security  Qisiificitioa 


L«J 


.^Bdr>ggified_ 


Secarity  QaasEcstioa 


icer  WOKOi 


Network  realization 

Positive  real  functions  of  the  biquadratic, 
biquartic,  bisextic,  etc.  class 
Network  transformation 


